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Abstract
We study various operator homological properties of the Fourier algebra A(G) of a locally
compact group G. Establishing the converse of two results of Ruan and Xu [35], we show
that A(G) is relatively operator 1-projective if and only if G is IN, and that A(G) is relatively
operator 1-flat if and only if G is inner amenable. We also exhibit the first known class of
groups for which A(G) is not relatively operator C-flat for any C ≥ 1. As applications
of our techniques, we establish a hereditary property of inner amenability, answer an open
question of Lau and Paterson [25], and answer an open question of Anantharaman–Delaroche
[1] on the equivalence of inner amenability and Property (W). In the bimodule setting, we
show that relative operator 1-biflatness of A(G) is equivalent to the existence of a contractive
approximate indicator for the diagonal G∆ in the Fourier–Stieltjes algebra B(G×G), thereby
establishing the converse to a result of Aristov, Runde, and Spronk [3]. We conjecture
that relative 1-biflatness of A(G) is equivalent to the existence of a quasi-central bounded
approximate identity in L1(G), that is, G is QSIN, and verify the conjecture in many special
cases. We finish with an application to the operator homology of Acb(G), giving examples
of weakly amenable groups for which Acb(G) is not operator amenable.
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1. Introduction
The operator homology of the Fourier algebra A(G) of a locally compact groupG has been
a topic of interest in abstract harmonic analysis since Ruan’s seminal work [34], where, among
other things, he established the equivalence of amenability of G and operator amenability
of A(G). From the perspective of Pontryagin duality, this result is the dual analogue of
Johnson’s celebrated equivalence of amenability of G and (operator) amenability of L1(G)
[22]. In much the same spirit, dual analogues of various homological properties of L1(G)
were established within the category of operator A(G)-modules, including the operator weak
amenability of A(G) [37], and the equivalence of discreteness of G and relative operator
biprojectivity of A(G) [2, 42].
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Continuing in this spirit, Ruan and Xu (implicity) showed that A(G) is relatively operator
1-projective whenever G is an IN group (see also [17]), and that A(G) is relatively operator
1-flat whenever G is inner amenable [35]. In this paper, we establish the converse of both of
these results, and exhibit the first known class of groups – including every connected non-
amenable group – for which A(G) is not relatively operator C-flat for any C ≥ 1. Along the
way, we show that inner amenability passes to closed subgroups, answer an open question
of Lau and Paterson [25], and answer an open question of Anantharaman–Delaroche [1,
Problem 9.1] on the equivalence of inner amenability and Property (W).
The relative operator biflatness of A(G) has been studied by Ruan and Xu [35] and
Aristov, Runde, and Spronk [3], where it was shown (by different methods) that A(G) is
relatively operator biflat whenever G is QSIN, meaning L1(G) has a quasi-central bounded
approximate identity (see [3, 27, 38]). The approach of Aristov, Runde, and Spronk is via
approximate indicators, where they show that A(G) is relatively operator C-biflat whenever
the diagonal subgroup G∆ ≤ G × G has a bounded approximate indicator in B(G × G) of
norm at most C. One of the main results of this paper establishes the converse when C = 1,
that is, A(G) is relatively operator 1-biflat if and only if G∆ has a contractive approximate
indicator in B(G×G). Recalling that A(G) is operator amenable precisely when A(G×G)
has a bounded approximate diagonal [34], we see that A(G) is relatively operator 1-biflat
precisely when A(G × G) has a contractive approximate diagonal in the Fourier–Stieltjes
algebra B(G × G), a result which elucidates the relationship between operator amenability
and relative operator biflatness for A(G), and for completely contractive Banach algebras
more generally.
We conjecture that relative operator 1-biflatness of A(G) is equivalent to the QSIN con-
dition, and we verify the conjecture in many special cases. For a discrete group H acting
ergodically by automorphisms on a compact groupK, we also establish a connection between
relative operator biflatness of A(K ⋊H) and the existence of H-invariant means on L∞(K)
distinct from the Haar integral.
Combining results of Leptin [24] and Ruan [34], we see that A(G) has a bounded approxi-
mate identity precisely when it is operator amenable. It is known that G is weakly amenable
if and only if the algebra Acb(G) has a bounded approximate identity [16], and it was sug-
gested in [18] that Acb(G) may be operator amenable exactly when G is weakly amenable.
We finish the paper by providing a large family of counter-examples, which includes every
weakly amenable, non-amenable, almost connected group.
2. Preliminaries
Let A be a completely contractive Banach algebra. We say that an operator space X
is a right operator A-module if it is a right Banach A-module such that the module map
mX : X⊗̂A → X is completely contractive, where ⊗̂ denotes the operator space projective
tensor product. We say that X is faithful if for every non-zero x ∈ X , there is a ∈ A
such that x · a 6= 0, and we say that X is essential if 〈X · A〉 = X , where 〈·〉 denotes the
closed linear span. We denote by mod − A the category of right operator A-modules with
morphisms given by completely bounded module homomorphisms. Left operator A-modules
and operator A-bimodules are defined similarly, and we denote the respective categories by
A−mod and A−mod−A.
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Remark 2.1. Regarding terminology, in what follows we will often omit the term “operator”
when discussing homological properties of operator modules as we will be working exclusively
in the operator space category.
Let A be a completely contractive Banach algebra, X in mod−A and Y in A−mod.
The A-module tensor product of X and Y is the quotient space X⊗̂AY := X⊗̂Y/N , where
N = 〈x · a⊗ y − x⊗ a · y | x ∈ X, y ∈ Y, a ∈ A〉,
and, again, 〈·〉 denotes the closed linear span. It follows that
CBA(X, Y
∗) ∼= N⊥ ∼= (X⊗̂AY )
∗,
where CBA(X, Y
∗) denotes the space of completely bounded right A-module maps Φ : X →
Y ∗. If Y = A, then clearly N ⊆ Ker(mX) where mX : X⊗̂A → X is the multiplication map.
If the induced mapping m˜X : X⊗̂AA → X is a completely isometric isomorphism we say
that X is an induced A-module. A similar definition applies for left modules. In particular,
we say that A is self-induced if m˜A : A⊗̂AA ∼= A completely isometrically.
Let A be a completely contractive Banach algebra and X inmod−A. The identification
A+ = A⊕1C turns the unitization of A into a unital completely contractive Banach algebra,
and it follows that X becomes a right operator A+-module via the extended action
x · (a+ λe) = x · a+ λx, a ∈ A+, λ ∈ C, x ∈ X.
Let C ≥ 1. We say that X is relatively C-projective if there exists a morphism Φ+ :
X → X⊗̂A+ satisfying ‖Φ+‖cb ≤ C which is a right inverse to the extended module map
m+X : X⊗̂A
+ → X . When X is essential, this is equivalent to the existence of a morphism
Φ : X → X⊗̂A satisfying ‖Φ‖cb ≤ C and mX ◦ Φ = idX by the operator analogue of [10,
Proposition 1.2].
Given a completely contractive Banach algebra A and X inmod−A, there is a canonical
completely contractive morphism ∆+X : X → CB(A
+, X) given by
∆+X(x)(a) = x · a, x ∈ X, a ∈ A
+,
where the right A-module structure on CB(A+, X) is defined by
(Ψ · a)(b) = Ψ(ab), a ∈ A, Ψ ∈ CB(A+, X), b ∈ A+.
An analogous construction exists for objects in A −mod. For C ≥ 1, we say that X is
relatively C-injective if there exists a morphism Φ+ : CB(A+, X)→ X such that Φ+ ◦∆+X =
idX and ‖Φ
+‖cb ≤ C. When X is faithful, this is equivalent to the existence of a morphism
Φ : CB(A, X)→ X such that Φ ◦∆X = idX and ‖Φ‖cb ≤ C by the operator analogue of [10,
Proposition 1.7], where ∆X(x)(a) := ∆
+
X(x)(a) for x ∈ X and a ∈ A.
We say that X is C-injective if for every Y, Z in mod − A, every completely isometric
morphism Ψ : Y →֒ Z, and every morphism Φ : Y → X , there exists a morphism Φ˜ : Z → X
such that ‖Φ˜‖cb ≤ C‖Φ‖cb and Φ˜ ◦Ψ = Φ.
For a completely contractive Banach algebra A, we say that X in mod−A is relatively
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C-flat (respectively, C-flat) if its dual X∗ is relatively C-injective (respectively, C-injective)
in A−mod with respect to the canonical module structure given by
〈a · f, x〉 = 〈f, x · a〉, f ∈ X∗, x ∈ X, a ∈ A.
Similar definitions apply to left operator A-modules. In the case of operator bimodules,
we say that X in A −mod − A is relatively C-biflat (respectively, C-biflat) if its dual X∗
is relatively C-injective (respectively, C-injective) in A −mod − A. Viewing A⊗̂A as an
operator A-bimodule via
a · (b⊗ c) = ab⊗ c, (b⊗ c) · a = b⊗ ca, a, b, c ∈ A,
we say that A is operator amenable if it is relatively C-biflat in A − mod − A for some
C ≥ 1, and has a bounded approximate identity. By [34, Proposition 2.4] this is equivalent
to the existence of a bounded approximate diagonal in A⊗̂A, that is, a bounded net (Aα)
in A⊗̂A satisfying
a · Aα −Aα · a→ 0, mA(Aα) · a→ a, a ∈ A.
For a locally compact group G, the left and right regular representations λ, ρ : G →
B(L2(G)) are given by
λ(s)ξ(t) = ξ(s−1t), ρ(s)ξ(t) = ξ(ts)∆(s)1/2, s, t ∈ G, ξ ∈ L2(G).
The von Neumann algebra generated by λ(G) is called the group von Neumann algebra of
G and is denoted by V N(G). It is known that V N(G) is standardly represented on L2(G)
(cf. [20]), so that every normal state ω ∈ V N(G)∗ is the restriction of a vector state ωξ to
V N(G) for a unique unit vector ξ ∈ P := {η ∗ Jη | η ∈ Cc(G)} [20, Lemma 2.10], where
Cc(G) denotes the continuous functions on G with compact support, and J is the conjugate
linear isometry given by
Jη(s) = η(s−1)∆(s−1)1/2, s ∈ G, η ∈ L2(G).
The set of coefficient functions of the left regular representation,
A(G) = {u : G→ C : u(s) = 〈λ(s)ξ, η〉, ξ, η ∈ L2(G), s ∈ G},
is called the Fourier algebra of G. It was shown by Eymard that, endowed with the norm
‖u‖A(G) = inf{‖ξ‖L2(G)‖η‖L2(G) : u(·) = 〈λ(·)ξ, η〉},
A(G) is a Banach algebra under pointwise multiplication [15, Proposition 3.4]. Furthermore,
it is the predual of V N(G), where the duality is given by
〈u, λ(s)〉 = u(s), u ∈ A(G), s ∈ G.
Eymard also showed that the space of functions ϕ : G→ C for which there exists a strongly
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continuous unitary representation π : G→ B(Hpi) and ξ, η ∈ Hpi such that ϕ(s) = 〈π(s)ξ, η〉,
s ∈ G, is a unital Banach algebra (with pointwise multiplication) under the norm
‖ϕ‖B(G) = inf{‖ξ‖Hpi‖η‖Hpi : ϕ(·) = 〈π(·)ξ, η〉},
called the Fourier-Stieltjes algebra of G [15, Proposition 2.16], denoted by B(G). We denote
the convex subset of continuous positive definite functions of norm one by P1(G).
The adjoint of the multiplication m : A(G)⊗̂A(G) → A(G) defines a co-associative co-
multiplication Γ : V N(G)→ V N(G×G), where we have used the fact that V N(G×G) =
V N(G)⊗V N(G) = (A(G)⊗̂A(G))∗ [14, Theorem 7.2.4], and ⊗ denotes the von Neumann
algebra tensor product. This co-multiplication is symmetric in the sense that Γ = Σ ◦ Γ,
where Σ : V N(G × G) → V N(G × G) is the flip map; it satisfies Γ(λ(s)) = λ(s) ⊗ λ(s),
s ∈ G, and can be written as
Γ(x) = V (x⊗ 1)V ∗, x ∈ V N(G),
where V is the unitary in L∞(G)⊗V N(G) given by
V ξ(s, t) = ξ(s, s−1t), s, t ∈ G, ξ ∈ L2(G×G).
The co-associativity of Γ translates into the following pentagonal relation for V :
V12V13V23 = V23V12, (1)
where V12 = V ⊗1, V23 = 1⊗V , V13 = (σ⊗1)V23(σ⊗1), and σ is the flip map on L
2(G×G).
The group von Neumann algebra V N(G) becomes an operator A(G)-bimodule in the
canonical fashion, and the bimodule actions can be written in terms of the co-multiplication:
u · x = x · u = (id⊗ u)Γ(x) = (u⊗ id)Γ(x), u ∈ A(G), x ∈ V N(G).
It follows that V N(G) is faithful as a left/right operator A(G)-module (respectively, A(G)-
bimodule), and that under the isomorphism CB(A(G), V N(G)) ∼= V N(G×G), the canonical
morphism ∆V N(G) = Γ.
Given a closed subgroup H ≤ G, we let I(H) = {u ∈ A(G) | u|H ≡ 0} denote the closed
ideal of functions in A(G) which vanish on H . By the proof of [3, Proposition 1.7] I(H) is
an essential ideal. It follows from [21] that the restriction r : A(G) ։ A(H) is a complete
quotient map with kernel I(H), therefore A(H) ∼= A(G)/I(H).
3. Relative flatness and inner amenability
If G is a locally compact group and p ∈ [1,∞], then G acts by conjugation on Lp(G) via
βp(s)f(t) = f(s
−1ts)∆(s)1/p, s, t ∈ G, f ∈ Lp(G).
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When p = 2, we obtain a strongly continuous unitary representation β2 : G → B(L
2(G))
satisfying β2(s) = λ(s)ρ(s) for s ∈ G, and when p =∞, the conjugation action becomes
β∞(s)f(t) = f(s
−1ts), s, t ∈ G, f ∈ L∞(G).
Following Paterson [30, 2.35.H], we say that G is inner amenable if there exists a state
m ∈ L∞(G)∗ satisfying
〈m, β∞(s)f〉 = 〈m, f〉 s ∈ G, f ∈ L
∞(G). (2)
Remark 3.1. In [13], Effros defined a discrete group G to be “inner amenable” if there
exists a conjugation invariant mean m ∈ ℓ∞(G)∗ such that m 6= δe. In what follows, inner
amenability will always refer to the definition (2) given above.
The class of inner amenable locally compact groups forms a large, interesting class of
groups containing all amenable groups and IN groups, where a locally compact group G is IN
if there exists a compact neighbourhood of the identity which is invariant under conjugation.
For example, compact, abelian and discrete groups are IN, and therefore inner amenable.
A strongly continuous unitary representation π : G→ B(Hpi) of a locally compact group
G is said to be amenable if there exists a state mpi ∈ B(Hpi)
∗ such that
〈mpi, π(s)
∗Tπ(s)〉 = 〈mpi, T 〉, ∀ s ∈ G, T ∈ B(Hpi).
This concept was introduced by Bekka [4], who showed, among other things, that G is inner
amenable precisely when β2 is an amenable unitary representation [4, Theorem 2.4]. By [39,
Proposition 3.1], inner amenability is equivalent to the existence of a β2-invariant state on
β2(G)
′′ ⊆ B(L2(G)), the von Neumann subalgebra generated by the conjugate representation.
We now show that inner amenability is equivalent to the existence of a β2-invariant state on
V N(G), i.e., a G-invariant state under the canonical G-action:
x s = λ(s)∗xλ(s), x ∈ V N(G), s ∈ G.
In turn, we answer a question raised by Lau and Paterson in [26, Example 5].
Proposition 3.2. A locally compact group G is inner amenable if and only if there exists a
G-invariant state on V N(G).
Proof. If G is inner amenable, then by [4, Theorem 2.4] there exists a β2-invariant state
m ∈ B(L2(G))∗, whose restriction to V N(G) is necessarily G-invariant, as
〈m, λ(s)∗xλ(s)〉 = 〈m, λ(s)∗ρ(s)∗xρ(s)λ(s)〉 = 〈m, β2(s)
∗xβ2(s)〉 = 〈m, x〉
for all x ∈ V N(G), s ∈ G.
Conversely, suppose m ∈ V N(G)∗ is a G-invariant state. Since V N(G) is standardly
represented on L2(G), there exists a net of unit vectors (ξα) in P such that (ωξα) converges
to m in the weak* topology of V N(G)∗. By G-invariance, it follows that
β2(s) · ωξα · β2(s)
∗ − ωξα = ωβ2(s)ξα − ωξα → 0
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weakly in A(G) = V N(G)∗ for all s ∈ G. By the standard convexity argument, we obtain a
net of unit vectors (ηγ) in P satisfying
‖β2(s) · ωηγ · β2(s)
∗ − ωηγ‖A(G) = ‖ωβ2(s)ηγ − ωηγ‖A(G) → 0, s ∈ G.
However, since β2(s) = λ(s)ρ(s) = λ(s)Jλ(s)J we have β2(s)P ⊆ P for any s ∈ G by [20,
Theorem 1.1]. Then [20, Lemma 2.10] entails
‖β2(s)ηγ − ηγ‖
2
L2(G) ≤ ‖ωβ2(s)ηγ − ωηγ‖A(G) → 0, s ∈ G.
Letting fγ := |ηγ|
2, we obtain a net of states in L1(G) satisfying
‖β1(s)fγ − fγ‖L1(G) = ‖ωβ2(s)ηγ − ωηγ‖L1(G) ≤ 2‖β2(s)ηγ − ηγ‖L2(G) → 0, s ∈ G.
Any weak* cluster point M ∈ L∞(G)∗ of (fγ) will therefore be conjugate invariant, and G
is inner amenable. 2
As an immediate corollary, we obtain the following hereditary property of inner amenabil-
ity, which appears to be new.
Corollary 3.3. Let G be a locally compact group and let H be a closed subgroup of G. If G
is inner amenable, then H is inner amenable.
Proof. Let V NH(G) := {λG(s) | s ∈ H}
′′ ⊆ V N(G). Then the map iH : V N(H) →
V NH(G) given by
iH(λH(s)) = λG(s), s ∈ H,
is a *-isomorphism of von Neumann algebras. Thus, if m ∈ V N(G)∗ is a G-invariant state
then mH := m|V NH (G) ◦ iH ∈ V N(H)
∗ is an H-invariant state on V N(H), so H is inner
amenable by Proposition 3.2. 2
In [25, Corollary 3.2], Lau and Paterson proved the following equivalence for a locally
compact group G:
1. G is amenable;
2. G is inner amenable and V N(G) is 1-injective in C−mod.
The following theorem will allow us to describe the above equivalence from a purely homo-
logical perspective, elucidating the relationship between amenability and inner amenability.
Theorem 3.4. A locally compact group G is inner amenable if and only if A(G) is relatively
1-flat in mod−A(G).
Proof. If G is inner amenable, then by [38, Proposition 1.13] there exists a net of states
(fα) in L
1(G) satisfying
‖β1(s)fα − fα‖L1(G) → 0, s ∈ G,
uniformly on compact sets. The square roots ξα := f
1/2
α ∈ L2(G) then satisfy
‖β2(s)ξα − ξα‖
2
L2(G) ≤ ‖β1(s)fα − fα‖L1(G) → 0, s ∈ G,
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uniformly on compact sets. Thus, combining [35, Lemma 3.1, Lemma 4.1], it follows that
Γ : V N(G)→ V N(G×G) has a completely contractive left inverse Φ which is a left A(G)-
module map. Since V N(G) is faithful in A(G)−mod, this entails the relative 1-injectivity
of V N(G) in A(G)−mod, and hence, the relative 1-flatness of A(G) in mod−A(G).
Conversely, relative 1-flatness of A(G) in mod − A(G) implies the existence of a com-
pletely contractive morphism Φ : V N(G × G) → V N(G) satisfying Φ ◦ Γ = idV N(G). It
follows that Γ ◦ Φ : V N(G×G)→ V N(G×G) is a projection of norm one onto the image
of Γ. Thus, by [41], Γ ◦Φ is a Γ(V N(G))-bimodule map, which by injectivity of Γ yields the
identity
xΦ(T )y = Φ(Γ(x)TΓ(y)) (3)
for all x, y ∈ V N(G) and T ∈ V N(G×G).
For x ∈ V N(G), the module property of Φ implies u·Φ(x⊗1) = Φ(x⊗u·1) = u(e)Φ(x⊗1)
for all u ∈ A(G). The standard argument then shows Φ(x⊗1) ∈ C1, so thatm : V N(G)→ C
defined by 〈m, x〉 = Φ(x⊗ 1), x ∈ V N(G), yields a state on V N(G). Moreover, by equation
(3) we obtain
〈m, λ(s)xλ(s)∗〉 = Φ(λ(s)xλ(s)∗ ⊗ 1) = Φ((λ(s)⊗ λ(s))(x⊗ 1)(λ(s)∗ ⊗ λ(s)∗))
= Φ(Γ(λ(s))(x⊗ 1)Γ(λ(s)∗)) = λ(s)Φ(x⊗ 1)λ(s)∗ = Φ(x⊗ 1)
= 〈m, x〉
for any x ∈ V N(G) and s ∈ G. Thus, m is a G-invariant state on V N(G), which by
Proposition 3.2 implies that G is inner amenable. 2
Combining Theorem 3.4 with [9, Corollary 5.3], we can now recast the Lau–Paterson
equivalence in purely homological terms:
1. V N(G) is 1-injective in A(G)−mod;
2. V N(G) is relatively 1-injective in A(G)−mod and 1-injective in C−mod.
Let G be a locally compact group. A function u ∈ B(G × G) is said to be properly
supported, if for every compact subset K ⊆ G, the sets supp(u)∩G×K and supp(u)∩K×G
are compact [1, Definition 4.2]. The group G is said to have Property (W ) if for every
compact set K ⊆ G and every ε > 0, there exists a properly supported bounded positive
definitive function u ∈ B(G×G) such that |u(s, s)− 1| < ε for all s ∈ K [1, Definition 4.3].
This notion was introduced to study the relationship between amenable actions of locally
compact groups and exactness of reduced group C∗-algebras. It was shown that every inner
amenable group has Property (W ) [1, Proposition 4.6], but it was left open whether they
are equivalent [1, Problem 9.1]. We now show that this is indeed the case.
Theorem 3.5. A locally compact group G is inner amenable if and only if it has Property
(W ).
Proof. SupposeG has Property (W ), witnessed by a net (uα) of properly supported positive
definite functions in B(G×G) satisfying
|uα(s, s)− 1| → 0
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for s ∈ G, uniformly on compact sets. Without loss of generality we may assume that
uα(e, e) = 1 for all α. By Nielson’s lemma [29, Lemma 10.3] (see also [12, Proposition 5.1])
it follows that
(uα)|G∆ · v → v, v ∈ A(G).
Moreover, since uα is properly supported, for any v ∈ A(G) with compact support, the
function uα · (1⊗ v) ∈ B(G×G) is compactly supported, and hence lies in A(G×G). Thus,
uα · (1⊗ v) ∈ A(G×G) for all v ∈ A(G), and
‖[uα · (1⊗ vij)]‖Mn(A(G×G)) = ‖[uα · (1⊗ vij)]‖Mn(B(G×G)) ≤ ‖uα‖B(G×G)‖[vij]‖Mn(A(G)),
so that ‖uα‖CB(A(G),A(G×G)) ≤ ‖uα‖B(G×G) = 1. Define maps Φα : V N(G×G)→ V N(G) by
〈Φα(X), v〉 = 〈uα · (1⊗ v), X〉, X ∈ V N(G×G), v ∈ A(G).
Then ‖Φα‖cb ≤ ‖uα‖CB(A(G),A(G×G)) ≤ 1, and
〈Φα(u ·X), v〉 = 〈uα · (1⊗ v), u ·X〉 = 〈uα · (1⊗ vu), X〉 = 〈Φα(X), vu〉 = 〈u · Φα(X), v〉
for all X ∈ V N(G ×G) and u, v ∈ A(G). Passing to a subnet if necessary, we may assume
that (Φα) converges weak* to Φ ∈ CB(V N(G×G), V N(G)) = (V N(G×G)⊗̂A(G))
∗. Then
〈Φ(Γ(x)), v〉 = lim
α
〈uα · (1⊗ v),Γ(x)〉 = lim
α
〈(uα)|G∆ · v, x〉 = lim
α
〈v, x〉 = 〈x, v〉
for all x ∈ V N(G) and v ∈ A(G). Hence, Φ : V N(G × G) → V N(G) is a completely
contractive left A(G)-module inverse to Γ, entailing the relative 1-flatness of A(G) inmod−
A(G), and therefore the inner amenability of G by Theorem 3.4 . 2
At present, we believe but have been unable to show that inner amenability of G is
equivalent to relative C-flatness of A(G) inmod−A(G) for C > 1. We can, however, provide
a number of examples which support the conjecture based on the following proposition.
Proposition 3.6. Let G be a locally compact group and let H be a closed subgroup. If
V N(G) is C-injective in A(G)−mod for C ≥ 1, then V N(H) is C-injective in A(H)−mod.
Proof. Let r : A(G) ։ A(H) be the complete quotient map given by restriction. Then
B(L2(H)) becomes a left A(G)-module via
u · T = (id⊗ r(u))Γr(T ), u ∈ A(G), T ∈ B(L2(H)),
where Γr : B(L2(H)) → B(L2(H))⊗V N(H) is the canonical lifting of the co-multiplication
on V N(H), given by
Γr(T ) = V (T ⊗ 1)V ∗, T ∈ B(L2(H)).
Clearly, V N(H) is a closed A(G)-submodule of B(L2(H)). Hence, the inclusion V N(H) →֒
V N(G) extends to a morphism E : B(L2(H)) → V N(G) with ‖E‖cb ≤ C. We show that
E(B(L2(H))) = V N(H). To this end, fix T ∈ B(L2(H)). Then for u ∈ A(G) and v ∈ I(H),
we have
〈E(T ), u · v〉 = 〈v ·E(T ), u〉 = 〈E(v · T ), u〉 = 0
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as r(v) = 0. Since I(H) is essential it follows that E(T ) ∈ I(H)⊥ = V N(H). Thus,
E : B(L2(H))→ V N(H) is a completely bounded A(H)-module projection with ‖E‖cb ≤ C.
Since V N(H) has an A(H)-invariant state m ∈ V N(H)∗ satisfying
〈m, u · x〉 = u(e)〈m, x〉, u ∈ A(H), x ∈ V N(H),
it follows that V N(H) is an amenable quantum group, and the proof of [8, Theorem 5.5]
implies that B(L2(H)) is 1-injective in A(H)−mod. Thus, V N(H) is C-injective in A(H)−
mod. 2
Corollary 3.7. Let G be a locally compact group such that V N(G) is C-injective in A(G)−
mod for some C ≥ 1. Then every closed inner amenable subgroup of G is amenable.
Proof. By Proposition 3.6 we know that V N(H) is C-injective in A(H) −mod for any
closed subgroup H . Hence, there exists a completely bounded projection E : B(L2(H)) →
V N(H), which, by [6, Theoerem 3.1] (see also [32]) implies that V N(H) is an injective
von Neumann algebra. If H is inner amenable, then by [25, Corollary 3.2] it is necessarily
amenable. 2
Corollary 3.8. Let G be a locally compact group containing F2 as a closed subgroup and
for which V N(G) is 1-injective in C −mod. Then V N(G) is not relatively C-injective in
A(G)−mod for any C ≥ 1.
Proof. If V N(G) were relatively C-injective in A(G)−mod, then it would be C-injective
in A(G) −mod by [9, Proposition 2.3]. Since F2 is inner amenable, Corollary 3.7 would
imply that it is amenable, which is absurd. 2
Since almost connected groups have injective von Neumann algebras (see [31] and the ref-
erences therein), and are non-amenable precisely when they contain F2 has a closed subgroup
[33, Theorem 5.5], Corollary 3.8 implies that any non-amenable almost connected group G
cannot have a relatively C-flat (and hence C-biflat) Fourier algebra for any C ≥ 1. In partic-
ular, A(SL(n,R)), A(SL(n,C)) and A(SO(1, n)) are not relatively flat (or biflat) for n ≥ 2.
This result builds on the analysis of [3, §4], where it was suspected that A(SL(3,C)) would
fail to be relatively biflat.
Regarding the relative projectivity of A(G), we now establish the converse to [35, Lemma
3.2], providing a partial solution to the open question of relative projectivity of A(G) [17,
§4].
Proposition 3.9. Let G be a locally compact group. Then A(G) is relatively 1-projective in
mod− A(G) if and only if G is an IN group.
Proof. Assuming relative 1-projectivity of A(G) in mod − A(G), there exists a normal
completely contractive left A(G)-module map Φ : V N(G×G)→ V N(G) such that Φ ◦ Γ =
idV N(G). By the proof of Theorem 3.4 we obtain a normal G-invariant state on V N(G),
which, by [40, Proposition 4.2] implies that G is IN. The converse follows from [35, Lemma
3.2]. 2
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4. Relative biflatness of A(G)
Given a locally compact group G and a closed subgroup H , a bounded net (ϕα) in B(G)
is called an approximate indicator for H [3, Definition 2.1] if
1. limα(ϕα|H) · u = u for all u ∈ A(H);
2. limα ϕα · v = 0 for all v ∈ I(H).
If ‖ϕα‖B(G) ≤ 1 for all α we say that (ϕα) is a contractive approximate indicator for H .
In [3, Proposition 2.3] it was shown that A(G) is relatively C-biflat if the diagonal sub-
group G∆ ≤ G×G has an approximate indicator (ϕα) with ‖ϕα‖B(G) ≤ C. We now establish
the converse when C = 1, which is one of the main results of the paper.
Theorem 4.1. Let G be a locally compact group. Then A(G) is relatively 1-biflat if and
only if G∆ has a contractive approximate indicator.
Proof. We need only establish necessity. Consider the right L1(G)-action on V N(G) given
by
x f =
∫
G
λ(s)∗xλ(s)f(s)ds, x ∈ V N(G), f ∈ L1(G).
For f ∈ L1(G), we let Θ̂(f) : V N(G)→ V N(G) and θ̂f : V N(G×G)→ V N(G×G) be the
normal completely bounded maps given respectively by Θ̂(f)(x) = x f , x ∈ V N(G), and
θ̂f (X) =
∫
G
(λ(s)∗ ⊗ λ(s)∗)X(λ(s)⊗ λ(s))f(s)ds, X ∈ V N(G×G).
Relative 1-biflatness of A(G) implies the existence of a completely contractive A(G)-bimodule
left inverse Φ : V N(G × G) → V N(G) to Γ. It follows as in Theorem 3.4 that Γ ◦ Φ is
a Γ(V N(G))-bimodule map. By Wittstock’s bimodule extension theorem [43], this map
extends to an Γ(V N(G))-bimodule map Ψ : B(L2(G×G))→ B(L2(G×G)). Moreover, [28,
Lemma 2.3] allows us to approximate Ψ in the point weak* topology by a net (Ψα) of normal
completely bounded Γ(V N(G))-bimodule maps. Thus, for any X ∈ V N(G×G), we have
Γ ◦ Φ(θ̂f (X)) = Ψ(θ̂f (X)) = Ψ
(∫
G
(λ(s)∗ ⊗ λ(s)∗)X(λ(s)⊗ λ(s))f(s)ds
)
= lim
α
Ψα
(∫
G
(λ(s)∗ ⊗ λ(s)∗)X(λ(s)⊗ λ(s))f(s)ds
)
= lim
α
(∫
G
Ψα((λ(s)
∗ ⊗ λ(s)∗)X(λ(s)⊗ λ(s)))f(s)ds
)
= lim
α
(∫
G
Ψα(Γ(λ(s)
∗)XΓ(λ(s)))f(s)ds
)
= lim
α
(∫
G
Γ(λ(s)∗)Ψα(X)Γ(λ(s))f(s)ds
)
= lim
α
θ̂f(Ψα(X)) = θ̂f(Ψ(X)) = θ̂f (Γ ◦ Φ(X)),
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where we used normality of Ψα and θ̂f in the fourth and eighth equality, respectively. By
definition of θ̂f , we have θ̂f ◦ Γ = Γ ◦ Θ̂(f), so the above calculation entails Γ ◦ Φ ◦ θ̂f =
Γ ◦ Θ̂(f) ◦ Φ, which, by injectivity of Γ, implies Φ ◦ θ̂f = Θ̂(f) ◦ Φ.
As in the proof of Theorem 3.4 , the restriction Φ|V N(G)⊗1 defines a state m ∈ V N(G)
∗.
The bimodule property of Φ ensures that m is invariant for the A(G)-action on V N(G), that
is,
〈m, u · x〉 = u(e)〈m, x〉, x ∈ V N(G), u ∈ A(G).
Moreover, for f ∈ L1(G) and x ∈ V N(G) we have
〈m, x f〉 = Φ
(∫
G
(λ(s)∗ ⊗ λ(s)∗)(x⊗ 1)(λ(s)⊗ λ(s))f(s)ds
)
= Φ(θ̂f (x⊗ 1))
= Θ̂(f)(Φ(x⊗ 1))
= 〈f, 1〉〈m, x〉.
Approximating m ∈ V N(G)∗ in the weak* topology by a net of states (uβ) in A(G), it
follows that
uβ · v − v(e)uβ → 0 and f  uβ − 〈f, 1〉uβ → 0
weakly in A(G) for all v ∈ A(G) and f ∈ L1(G), where f  uβ = (Θ̂(f))∗(uβ). By the
standard convexity argument, we obtain a net of states (uγ) in A(G) satisfying
‖uγ · v − v(e)uγ‖A(G), ‖f  uγ − 〈f, 1〉uγ‖A(G) → 0, v ∈ A(G), f ∈ L
1(G). (4)
For s ∈ G and v ∈ A(G) we define s v ∈ A(G) by s v(t) = v(s−1ts), t ∈ G. Then by
left invariance of the Haar measure it follows that
s (f  v) = (lsf) v, s ∈ G, f ∈ L
1(G), v ∈ A(G), (5)
where lsf(t) = f(st), s, t ∈ G. Fix a state f0 ∈ L
1(G), and consider the net (f0  uγ). For
ε > 0, take a neighbourhood U of the identity e ∈ G such that
‖lsf0 − f0‖L1(G) <
ε
2
, s ∈ U.
Then for any compact set K ⊆ G, there exist s1, ..., sn ∈ K such that K ⊆ ∪
n
i=1Usi. Take
γε such that for γ ≥ γε
‖(lsif0) uγ − uγ‖A(G) <
ε
4
, 1 ≤ i ≤ n.
Applying (5) together with the L1(G)-invariance in (4), it follows by the standard argument
(see [36, Lemma 7.1.1]) that
‖k  (f0  uγ)− f0  uγ‖A(G) < ε, k ∈ K.
12
Hence, the net (f0  ψγ) satisfies
‖s (f0  uγ)− f0  uγ‖A(G) → 0, s ∈ G,
uniformly on compact sets. Using both the A(G) and L1(G)-invariance from equation (4),
a 3ε-argument also shows that
‖(f0  uγ) · v − v(e)f0  uγ‖A(G) → 0, v ∈ A(G).
Forming |f0  uγ|
2, we may further assume f0  uγ(s) ≥ 0 for all s ∈ G, as one may easily
verify using boundedness and multiplicativity of the G-action that
‖u · |f0  uγ|
2 − u(e)|f0  uγ|
2‖A(G), ‖s |f0  uγ|
2 − |f0  uγ|
2‖A(G) → 0
for all u ∈ A(G) and for all s ∈ G, uniformly on compact sets.
Now, since V N(G) is standardly represented on L2(G), there exist unit vectors ξγ ∈ P
satisfying
ωξγ |V N(G) = f0  uγ.
Note that Jξγ = ξγ and that ξγ is necessarily real-valued by uniqueness. For any s ∈ G we
have s ωξγ = ωβ2(s)ξγ and β2(s)P ⊆ P. Thus [20, Lemma 2.10] implies
‖β2(s)ξγ − ξγ‖
2
L2(G) ≤ ‖ωβ2(s)ξγ − ωξγ‖A(G) = ‖s uγ − uγ‖A(G) → 0 (6)
for all s ∈ G, uniformly on compact sets.
Define the function ϕγ ∈ P1(G×G) ⊆ B(G×G) by
ϕγ(s, t) = 〈λ(s)ρ(t)ξγ, ξγ〉, s, t ∈ G,
and consider the associated normal completely positive map Θ(ϕγ) ∈ CBA(G×G)(V N(G×G))
given by
Θ(ϕγ)(λ(s)⊗ λ(t)) = ϕγ(s, t)λ(s)⊗ λ(t), s, t ∈ G.
We claim that the bounded net (Θ(ϕγ)) clusters to a completely positive A(G×G)-module
projection V N(G×G)→ V N(G∆).
To verify the claim, first consider the net (ωξγ ) in T (L
2(G)) = B(L2(G))∗. By passing to
a subnet we may assume that (ωξγ) converges weak* to a state M ∈ B(L
2(G))∗. For each γ
define the unital completely positive map Φγ : V N(G×G)→ V N(G) by
Φγ(X) = (id⊗ ωξγ)V (1⊗ U)X(1 ⊗ U)V
∗, X ∈ V N(G×G),
where U is the self-adjoint unitary given by U = ĴJ , and Ĵ is complex conjugation on L2(G).
Since Γ(x) = V (x⊗ 1)V ∗, x ∈ V N(G), and UV N(G)U = V N(G)′, one easily sees that the
range of Φγ is indeed contained in V N(G).
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For every γ and s, t ∈ G, we have
Θ(ϕγ)(λ(s)⊗ λ(t)) = 〈λ(s)ρ(t)ξγ, ξγ〉λ(s)⊗ λ(t)
= (id⊗ id⊗ ωξγ )(λ(s)⊗ λ(t)⊗ λ(s)ρ(t))
= (id⊗ id⊗ ωξγ )(λ(s)⊗ 1⊗ λ(s))(1⊗ λ(t)⊗ ρ(t))
= (id⊗ id⊗ ωξγ )(λ(s)⊗ 1⊗ λ(s))(1⊗ (1⊗ U)V (λ(t)⊗ 1)V
∗(1⊗ U))
= (id⊗ id⊗ ωξγ )(λ(s)⊗ 1⊗ 1)(1⊗ (1⊗ U)V (λ(t)⊗ ρ(s))V
∗(1⊗ U))
= (id⊗ id⊗ ωξγ )(λ(s)⊗ 1⊗ 1)(1⊗ V (λ(t)⊗ ρ(s))V
∗) (as Uξγ = ξγ)
= (id⊗ id⊗ ωξγ )(λ(s)⊗ 1⊗ 1)(1⊗ V ((1⊗ U)(λ(t)⊗ λ(s))(1⊗ U))V
∗)
= λ(s)⊗ Φγ(λ(t)⊗ λ(s))
= λ(s)⊗ Φγ(Σ(λ(s)⊗ λ(t)))
= (id⊗ Φγ ◦ Σ)(λ(s)⊗ λ(s)⊗ λ(t)))
= (id⊗ Φγ ◦ Σ)(Γ⊗ id)(λ(s)⊗ λ(t)).
By normality we see that Θ(ϕγ) = (id⊗Φγ ◦Σ)(Γ⊗id). Since (Φγ) is bounded, it follows that
(Φγ) converges in the stable point weak* topology to the map ΦM ∈ CB(V N(G×G), V N(G))
given by
ΦM(X) = (id⊗M)V (1⊗ U)X(1⊗ U)V
∗, X ∈ V N(G×G).
Hence, the net (Θ(ϕγ)) converges weak* to a map Θ ∈ CB(V N(G×G)) satisfying
Θ = (id⊗ ΦM ◦ Σ)(Γ⊗ id).
If ΦM were a left A(G)-module left inverse to Γ, it would follow that Θ = Γ ◦ΦM ◦Σ, hence
the claim. We therefore turn to the required properties of ΦM .
First, let V̂ be the unitary in V N(G)′⊗L∞(G) given by
V̂ ζ(s, t) = ζ(st, t)∆(t)1/2, ζ ∈ L2(G×G), s, t ∈ G.
Then, for η ∈ L2(G), the compact convergence (6) entails
‖V σV̂ ση ⊗ ξγ − η ⊗ ξγ‖
2
L2(G×G) =
∫
G
∫
G
|η(s)|2|β2(s)ξγ(t)− ξγ(t)|
2dsdt→ 0.
Noting that V̂ = σ(1⊗ U)V (1⊗ U)σ, for X ∈ V N(G×G) we therefore have
〈ΦM(X), ωη〉 = lim
γ
〈V (1⊗ U)X(1⊗ U)V ∗η ⊗ ξγ, η ⊗ ξγ〉
= lim
γ
〈(1⊗ U)V (1⊗ U)X(1 ⊗ U)V ∗(1⊗ U)η ⊗ ξγ, η ⊗ ξγ〉
= lim
γ
〈σV̂ σXσV̂ ∗ση ⊗ ξγ, η ⊗ ξγ〉
= lim
γ
〈V ∗XV η ⊗ ξγ, η ⊗ ξγ〉
= 〈(id⊗M)V ∗XV, ωη〉.
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Since η ∈ L2(G) was arbitrary, by linearity we obtain
ΦM (X) = (id⊗M)(V
∗XV ), X ∈ V N(G×G),
from which it follows that ΦM ◦ Γ = idV N(G). The A(G)-module property can be deduced
from the proof of [8, Theorem 5.5], but we provide the details for the convenience of the
reader.
For X ∈ V N(G×G) and u ∈ A(G), we have
ΦM (u ·X) = ΦM ((id⊗ id⊗ u)(V23X12V
∗
23))
= (id⊗M)(id⊗ id⊗ u)(V ∗12V23X12V
∗
23V12)
= (id⊗M)(id⊗ id⊗ u)(V13V23V
∗
12X12V12V
∗
23V
∗
13) (by equation (1))
= (id⊗ u)(V (id⊗M ⊗ id)(V23V
∗
12X12V12V
∗
23)V
∗).
Denoting by π : T (L2(G))։ A(G) the canonical restriction map, and recalling thatM |V N(G)
is A(G)-invariant, for τ, ω ∈ T (L2(G)), we have
〈(id⊗M ⊗ id)(V23V
∗
12X12V12V
∗
23), τ ⊗ ω〉 = 〈(M ⊗ id)V ((τ ⊗ id)(V
∗XV )⊗ 1)V ∗, ω〉
= 〈M,π(ω) · ((τ ⊗ id)V ∗XV )〉
= 〈ω, 1〉〈M, ((τ ⊗ id)V ∗XV )〉
= 〈M ⊗ ω, (τ ⊗ id)(V ∗XV )⊗ 1〉
= 〈(id⊗M ⊗ id)(V ∗XV ⊗ 1), τ ⊗ ω〉
= 〈ΦM (X)⊗ 1, τ ⊗ ω〉.
Since τ and ω in T (L2(G)) were arbitrary, it follows that
ΦM(u ·X) = (id⊗ u)(V (id⊗M ⊗ id)(V23V
∗
12A12V12V
∗
23)V
∗)
= (id⊗ u)(V (ΦM (X)⊗ 1)V
∗)
= u · ΦM(X).
Our original claim is therefore established, and Θ(ϕγ) converges weak* in CB(V N(G×G))
to an A(G×G)-module projection Θ from V N(G×G) onto V N(G∆) = Γ(V N(G)). Then
ϕγ |G∆ · u− u→ 0
weakly for u ∈ A(G∆), and using the fact that Γ(V N(G)) = {X ∈ V N(G×G) | (Γ⊗id)(X) =
(id⊗Γ)(X)} [11, Theorem 6.5], together with the essentiality I(G∆) = 〈I(G∆) ·A(G×G)〉,
we also have
ϕγ · v → 0
weakly for v ∈ I(G∆). Passing to convex combinations, and noting that (ϕγ) ⊆ P1(G×G),
we obtain a contractive approximate indicator for G∆ in P1(G×G). 2
We conjecture that A(G) is relatively 1-biflat if and only if G is QSIN, meaning L1(G)
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has a bounded approximate identity (fα) satisfying
‖β1(s)fα − fα‖L1(G) → 0, s ∈ G.
By Theorem 3.4 and [25, Corollary 3.2], for any locally compact group G such that V N(G) is
1-injective in C−mod, relative 1-biflatness of A(G) implies that G is amenable, and therefore
QSIN by [27, Theorem 3]. Hence, the conjecture is valid for all G such that V N(G) is an
injective von Neumann algebra, in particular, for any type I or almost connected group (cf.
[31]). We now establish the conjecture for totally disconnected groups.
Proposition 4.2. Let G be a totally disconnected locally compact group. Then A(G) is
relatively 1-biflat if and only if G is QSIN.
Proof. Sufficiency follows from [3, Theorem 2.4], so suppose that A(G) is relatively 1-biflat.
Proceeding as in the proof of Theorem 4.1, we obtain a net of states (uγ) in A(G) satisfying
‖v · uγ − v(e)uγ‖A(G), ‖s uγ − uγ‖A(G) → 0
for all v ∈ A(G) and for all s ∈ G.
Now, let H be a neighbourhood basis of the identity consisting of compact open sub-
groups. By [15, Lemme 4.13] for each H ∈ H there exists a state ϕH ∈ A(G) satisfying
supp(ϕH) ⊆ H
2 ⊆ H and
‖ϕH · v − v(e)ϕH‖A(G) → 0, v ∈ A(G).
For each H ∈ H, a standard 3ε-argument shows
‖s (ϕH · uγ)− ϕH · uγ‖A(G) → 0, s ∈ G.
Denoting the index set of (uγ) by C, we form the product I := H × C
H. For each α =
(H, (γH)H∈H) ∈ I, letting uα := ϕH · uγ(H), we obtain a net of states in A(G) satisfying the
iterated convergence
lim
α∈I
‖s uα − uα‖A(G) = lim
H∈H
lim
γ∈C
‖s ϕH · uγ − ϕH · uγ‖A(G) = 0
for all s ∈ G by [23, pg. 69]. Moreover, supp(uα) → {e}, in the sense that for every
neighbourhood U of the identity, there exists αU such that supp(uα) ⊆ U for α ≥ αU .
Let (ξα) be the unique representing vectors from P for the net (uα). For each α =
(H, (γH)H∈H) ∈ I, uα is supported in the open subgroup H , i.e., uα ∈ A(H) ⊆ A(G). Under
the canonical subspace inclusion L2(H) →֒ L2(G) we have PH = {f ∗ Jf | f ∈ Cc(H)} ⊆ PG,
so by uniqueness of representing vectors [20, Lemma 2.10], we may assume supp(ξα) ⊆ H .
Applying Haagerup’s Powers–Størmer inequality [20, Lemma 2.10] once again, we obtain
‖ωβ2(s)ξα − ωξα‖
2
L1(G) ≤ 4‖β2(s)ξα − ξα‖
2
L2(G) ≤ 4‖s uα − uα‖A(G) → 0, s ∈ G.
Letting fα := |ξα|
2, we obtain a net of states in L1(G) satisfying
‖β1(s)fα − fα‖L1(G) = ‖ωβ2(s)ξα − ωξα‖L1(G) → 0, s ∈ G,
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and supp(fα)→ {e}. Hence, G is QSIN. 2
For the semidirect product of an infinite compact group K by a discrete group H , we
now show that relative 1-biflatness of A(K ⋊H) entails that the unitary representation
πK : H → B(L
2
0(K)) : h 7→ [ξ 7→ h · ξ]
weakly contains the trivial representation. Here, L20(K) = {ξ ∈ L
2(K) :
∫
K
ξ = 0} and
h · ξ(k) = ξ(h−1kh) for h ∈ H and ξ ∈ L2(K), where h−1kh is the product in K⋊H , i.e. the
action of h−1 on k. If, moreover, the action of H on K is ergodic, we show that the Haar
integral on K is not the unique H-invariant mean on L∞(K). Ergodicity of the H-action on
K is the assertion that if E ⊆ K is Borel with E△h · E null for all h ∈ H , then E must
be null or co-null, and is equivalent to the non-existence of normal H-invariant means on
L∞(K) other than 1K .
Proposition 4.3. Let K ⋊H be the semidirect product of an infinite compact group K by
a discrete group H. If A(K ⋊ H) is relatively 1-biflat, then πK weakly contains the trivial
representation.
Proof. Let G denote K ⋊H . As in the proof of Theorem 4.1, relative 1-biflatness of A(G)
yields a net of states (ωξα) in A(G) with ξα ∈ PG satisfying
‖v · ωξα − v(e)ωξα‖A(G), ‖s ⊳ ωξα − ωξα‖A(G) → 0, v ∈ A(G), s ∈ G.
Arguing as in the proof of Proposition 4.2, we may assume supp(ωξα)→ {e} and, since K is
an open subgroup of G, we may identify A(K) with a subspace of A(G) and further assume
that supp(ξα) ⊆ K. Viewing L
2(K) as a subspace of L2(G) via extension by zero, we have
βG2 (h)ξ = h · ξ for ξ ∈ L
2(K) and h ∈ H by unimodularity of G, and, noting once again that
βG2 (G)PG ⊆ PG, [20, Lemma 2.10] implies
‖h · ξα − ξα‖
2
L2(K) = ‖β
G
2 (h)ξα − ξα‖
2
L2(G) ≤ ‖ωβG2 (h)ξα − ωξα‖A(G) = ‖h ⊳ ωξα − ωξα‖A(G) → 0
for all h ∈ H . Let ξα = ξ
0
α+ cα1K correspond to the decomposition L
2(K) = L20(K)⊕2C1K ,
so that 1 = ‖ξ0α‖
2
L2
0
(K)
+ |cα|
2 and ‖h · ξ0α − ξ
0
α‖L20(K) → 0 for all h ∈ H . Fix a neighbourhood
U of the identity in K with |K \ U | > 0. If it were the case that ‖ξ0α‖L20(K) → 0, then, for α
large enough that |cα|
2 > 1
2
and supp(ωξα) ⊆ U , we have for k ∈ K \ U that
0 = ωξα(k) = ωξ0α(k) + ωξ0α,cα1K (k) + ωcα1K ,ξ0α(k) + |cα|
2 = ωξ0α(k) + |cα|
2
because ξ0α ∈ L
2
0(K), whence
−
1
2
|K \ U | >
∫
K\U
ωξ0α(k)dk = 〈ωξ0α, λK(1K\U)〉A(K),V N(K) → 0,
a contradiction. Therefore, passing to a subnet if necessary, we may assume ‖ξ0α‖L20(K) is
bounded away from zero, in which case the vectors ξ0α may be normalized while retaining
the property that ‖h · ξ0α − ξ
0
α‖L20(K) → 0 for all h ∈ H . Thus πK weakly contains the trivial
representation. 2
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A locally compact group G is said to have Kazhdan’s property (T) if whenever a strongly
continuous unitary representation of G weakly contains the trivial representation it must
contain the trivial representation.
Corollary 4.4. Let K ⋊ H be the semidirect product of an infinite compact group K by a
discrete group H such that the action of H on K is ergodic. If A(K⋊H) is relatively 1-biflat,
then H does not have Kazhdan’s property (T).
Proof. If H had Kazhdan’s property (T), then πK would contain the trivial representation
and we would obtain a nonzero vector ξ ∈ L20(K) such that h · ξ = ξ for all h ∈ H ,
contradicting the ergodicity of the H-action on K. 2
This shows, for example, that if K is an infinite compact group with an ergodic action
of SL(n,Z) by automorphisms and n ≥ 3, then the Fourier algebra of K ⋊ SL(n,Z) is not
relatively 1-biflat.
The QSIN condition on a locally compact group G is equivalent to the existence of a
conjugation invariant mean on L∞(G) extending evaluation at the identity on C0(G). In
[27] it is established that for n ≥ 2 the group Tn ⋊ SL(n,Z) fails to be QSIN by appealing
to the fact that the Haar integral on Tn is the unique mean on L∞(Tn) that is invariant
under the SL(n,Z)-action. Indeed, the restriction to L∞(Tn) of any conjugation invariant
mean on L∞(Tn⋊SL(n,Z)) is clearly invariant under the action of SL(n,Z). For semidirect
products associated to ergodic actions as above, we have the following.
Corollary 4.5. Let K ⋊ H be the semidirect product of an infinite compact group K by a
discrete group H such that the action of H on K is ergodic. If A(K⋊H) is relatively 1-biflat,
then there is an H-invariant mean on L∞(K) distinct from the Haar integral on K.
Proof. By [19, Theorem 1.6], L∞(K) admits an H-invariant mean distinct from the Haar
measure when πK , considered as a representation on L
2
0(K,R), weakly contains the trivial
representation. We may assure that the almost invariant vectors for πK produced in Propo-
sition 4.3 are real valued by replacing the states ωξα with ωξαωξα , in which case we have
ωξαωξα = ωξ′α for ξ
′
α ∈ PG that are then real-valued by uniqueness. 2
Since the SL(2,Z)-action on T2 is ergodic, this confirms that A(T2 ⋊ SL(2,Z)) fails
to be relatively 1-biflat. Note, however, that T2 ⋊ SL(2,Z) is an IN group, and hence
A(T2 ⋊ SL(2,Z)) is relatively 1-flat by Theorem 3.4. More examples of groups H and K
and conditions on these pairs for which there is a unique H-invariant mean on L∞(K) may
be found in [5] and [19].
5. Operator amenability of Acb(G)
For a locally compact group G, let McbA(G) denote the completely bounded multiplier
algebra of A(G) and Acb(G) the norm closure of A(G) in McbA(G). Given a closed subgroup
H of G, we may consider approximate indicators for H consisting of completely bounded
multipliers by replacing B(G) with McbA(G) in the definition of Section 4. The existence
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of an approximate indicator for G∆ in the larger algebra McbA(G × G) still yields relative
biflatness of A(G), the proof of [3, Proposition 2.3] carrying over mutatis mutandis.
For the algebra Acb(G), the existence of a bounded approximate identity is equivalent
to weak amenability of G [16] and it was suggested in [18] that Acb(G) may be operator
amenable exactly when G is weakly amenable. The following proposition, in combination
with Corollary 3.8, yields a large class of counter-examples.
Proposition 5.1. Let G be a locally compact group such that Acb(G) is operator amenable.
Then G∆ has a bounded approximate indicator in Acb(G×G).
Proof. Write ∆ : Acb(G)⊗̂Acb(G)→ Acb(G) for the product map, r : Acb(G×G)→ Acb(G)
for restriction to the diagonal G∆ in G×G, and Λ : Acb(G)⊗̂Acb(G)→ Acb(G× G) for the
complete contraction defined on elementary tensors by Λ(u ⊗ v) = u × v, so that ∆ = rΛ.
Let (Xα) be an approximate diagonal for Acb(G) of bound C and set mα = Λ(Xα). We show
that the net (mα) is an approximate indicator for G∆. Let u ∈ A(G) have compact support
and choose v ∈ A(G) with v ≡ 1 on supp(u) [15, Lemme 3.2], so that u = uv and
‖ur(mα)− u‖A(G) = ‖u∆(Xα)− u‖A(G) ≤ ‖u‖A(G)‖v∆(Xα)− v‖Acb(G) → 0.
As A(G) is Tauberian and the net (r(mα)) is bounded in ‖ · ‖Acb(G), a routine estimate shows
that the above holds for all u ∈ A(G).
We claim that the elements of I(G∆) of the form (a × 1G − 1G × a)v for a ∈ A(G) and
v ∈ A(G×G) have dense span. Recall that A(G) is self-induced [11], in particular
ker∆A(G) = 〈ab⊗ c− a⊗ bc : a, b, c ∈ A(G)〉,
and that the map a⊗ b 7→ a× b induces a completely isometric isomorphism A(G)⊗̂A(G)→
A(G×G) taking ker∆A(G) onto I(G∆), from which it follows that
I(G∆) = 〈ab× c− a× bc : a, b, c ∈ A(G)〉.
Since {a× c : a, c ∈ A(G)} has dense span in A(G×G),
I(G∆) = 〈b · (a× c)− (a× c) · b : a, b, c ∈ A(G)〉
= 〈b · v − v · b : b ∈ A(G) and v ∈ A(G×G)〉
= 〈(b× 1G − 1G × b)v : b ∈ A(G) and v ∈ A(G×G)〉.
For such elements of I(G∆),
‖(b× 1G − 1G × b)vmα‖A(G×G) ≤ ‖v‖A(G×G)‖b ·mα −mα · b‖Acb(G×G)
≤ ‖v‖A(G×G)‖b ·Xα −Xα · b‖Acb(G)⊗̂Acb(G) → 0,
where the second inequality uses that Λ is a contractive A(G)-bimodule map. The density
claim above and the boundedness of (mα) imply that ‖umα‖A(G×G) → 0 for all u ∈ I(G∆).2
Corollary 5.2. Let G be a locally compact group containing F2 as a closed subgroup and for
which V N(G) is 1-injective in C−mod. Then Acb(G) is not operator amenable.
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Proof. If Acb(G) were operator amenable then an approximate indicator for G∆ would
exist, implying that V N(G) is relatively C-injective in A(G)−mod for some C ≥ 1 by the
completely bounded multiplier analogue of [3, Proposition 2.3], in contradiction to Corollary
3.8. 2
Any weakly amenable, non-amenable, almost connected group G satisfies the hypothe-
ses of Corollary 5.2 by [31] and [33, Theorem 5.5]. For example, SL(2,R), SL(2,C), and
SO(1, n), n ≥ 2. Since weak amenability is preserved under compact extensions [7, Propo-
sition 1.3] and almost connected groups have injective group von Neumann algebras, if K is
any compact group with an action of G by automorphisms, then K ⋊G is weakly amenable
and Acb(K ⋊G) fails to be operator amenable.
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